Factoring a polynomial is the process of writing it as the product of two or more polynomial factors.
e Tx* 4+ 35x 4 42 = 7(x + 2} (x + 3)— one monomial factor (7)and two hinemial factors (x + 2)and (x + 3)
Set the factors of a polynomial equation (as opposed to an expression) equal to zero in order to solve for a

variable: Example: Tosolve 7x* +35x+42 =0 ->x+2 =0, x=-2;andx 1 3

=& x=-3

The flowchart below illustrates a sequence of steps for factoring polynomials.

First, always factor out the Greatest Common Factor (GCF), if one exists. -
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This process is applied in the following examples
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Factaring Trinomials

Factoring Trinomials

Learning Objective(s)

e  Factor trinomials with a leading coefficient of 1.

e Factor trinomials with a common factor.

¢ Factor trinomials with a leading coefficient other than 1.

Introduction

A polynomial with three terms is called a trinomial. Trinomials often (but not always!)

have the form x° + bx + c. At first glance, it may seem difficult to factor trinomials, but

you can take advantage of some interesting mathematical patterns to factor even the
most difficult-looking frinomials.

So, how do you get from 6x° + 2x — 20 to (2x + 4)(3x =5)7 Let's take a look.
Y

Factoring Trinomials: X2+ bx+c

Trinomials in the form x2 + bx + ¢ can often be factored as the product of two
binomiais. Remember that a binomial is simply a two-term polynomial. Let's start by
reviewing what happens when two binomials, such as (x + 2) and (x + 5), are
multiplied.

Example

Probiem

Multiply {x + 2}{x + 5).

Use the FOIL method to
(x+ 2)0x+3) multiply binomials.
2 Then combine like terms 2x
X<+ bx+ 2x+10 and 5x.

Answer x2 +7x +10

Factoring is the reverse of multiplying. So let’s go in reverse and factor the trinomial X2
+ 7x + 10. The individuatl terms x2, 7x, and 10 share no common factors. So look at
rewriting X2+ 7x + 10 as x2 + 5x + 2x + 10.

And, you can group pairs of factors: (x* + 5x) + (2x + 10)
Factor each pair: x(x +5) + 2(x + 5)
Then factor out the common factor x +5: (x+ 5){x + 2)

Here is the same problem done in the form of an example:

Example
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Factaring Trinomials

Problem
Factor x? + 7x +10.
x2 + 5x + 2x +10
x(x+5)+2(x +5)
{x + 5){x + 2)
Answer (x +5)x + 2)

Rewrite the middle term 7x as
5x + 2x.

Group the pairs and factor out
the common factor x from the
first pair and 2 from the second
pair.

Factor out the common factor
(x +5).

How do you know how to rewrite the middle term? Unfortunately, you can’t rewrite it
just any way. If you rewrite 7x as 6x + x, this method won't work. Fortunately, there's a

rule for that.

product is ¢ and whose sum is b.

2

Factoring Trinomiais in the form x*+ bx+c

To factor a trinomial in the form x2 + bx + ¢, find two integers, r and s, whose

Rewrite the trinomial as x© + rx + sx + ¢ and then use grouping and the distributive
property to factor the polynomial. The resulting factors will be (x + r) and (x + s).

For example, to factor X%+ 7x +10, you are looking for two numbers whose sum is 7
(the coefficient of the middle term) and whose product is 10 (the last term).

Look at factor pairs of 10: 1 and 10, 2 and 5. Do either of these pairs have a sum of 77
Yes, 2 and 5. So you can rewrite 7x as 2x + 5x, and continue factoring as in the
example above. Note that you can also rewrite 7x as 5x + 2x. Both will work.

Let's factor the trinomial x2 + 5x + 6. In this polynomial, the b part of the middle term is
5 and the ¢ term is 6. A chart will help us organize possibilities. On the left, list all

possible factors of the ¢ term, 6; on the right you'li find the sums.

Factors whose
product is 6 Sum of the factors
1:6=6 1+6=7
23=6 2+3=5

There are only two possible factor combinations, 1 and 6, and 2 and 3. You can see

that 2 + 3 = 5. So 2x + 3x = bx, giving us the correct middle term.

Example

https:/iwww.montereyinstitute.org/courses/DevelopmentalMath/COURSE_TEXT2_RESOURCE12 12 T1_text_final.html#:~text=To factor a trinomi...
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Problem
Factor x2 + 5x + 6.

Use values from the chart above.
Replace 5x with 2x + 3x.

X2+ 2x+3x+6
(x2 + 2x) + (3x + 6) Group the pairs of terms.
X(x + 2} + (3x + 8) Factor x out of the first pair of terms.
x(x+ 2) + 3(x + 2) Factor 3 out of the second pair of terms.
(x + 2){x + 3} Factor out {x + 2).

Answer {x + 2)(x + 3)

Note that if you wrote X2 + Bx + 6 as x2 + 3x + 2x + 6 and grouped the pairs as (x2 +
3x) + (2x + 6); then factored, x(x + 3) + 2{x + 3), and factored out x + 3, the answer
would be (x + 3)(x + 2). Since multiplication is commutative, the order of the factors
does not matter. So this answer is correct as well; they are equivalent answers,

Finally, let's take a look at the trinomial x2 + x — 12. In this trinomial, the ¢ term is —12.
So lock at all of the combinations of factors whose product is —12. Then see which of
these combinations will give you the correct middie term, where b is 1.

i?g;f;ﬁhff : Sum of the factors
1+-12=-12 1+-12=-11
2«.-6=-12 2+-6=-4
3e-4=-12 3+-4=-1
4+-3=-12 4+-3=1
B+-2=-12 6+-2=4
12 =1=-12 12 +-1=11

There is only one combination where the product is =12 and the sum is 1, and that is
when r =4, and s = -3, Lef's use these to factor our original trinomial.

Example
Problem
Factor x2 + x—12

2 A Rewrite the trinomial using the values
XEH Axr 3x =12 from the chart above. Use values r= 4
and s =-3,

(x2 + 4x) + (-3x— 12)  Group pairs of terms.

hitps/Awww.montereyinstitute .org/courses/DevelopmentalMath/COURSE_TEXT2 _RESOURCEAJ2_L2_T1_text_final.Atml#~fexi=To factor & trinomi...
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x(x + 4) + (-3x — 12) Factor x out of the first group.
x{x + 4)— 3(x + 4) Factor -3 out of the second group.

(x + 4)(x —~ 3) Factorout (x + 4).
Answer (x +4)x~3)

in the above example, you could also rewrite X2 + x— 12 as x2 — 3x + 4x — 12 first.
Then factor x(x - 3) + 4(x — 3), and factor out (x — 3} getting (x — 3){x + 4). Since
multiplication is commutative, this is the same answer.

Factoring Tips

Factoring trinomials is a matter of practice and patience. Sometimes, the appropriate
number combinations will just pop out and seem so obvious! Other times, despite
trying many possibilities, the correct combinations are hard to find. And, there are
times when the trinomial cannot be factored.

While there is no foolproof way to find the right combination on the first guess, there
are some tips that can ease the way.

Tips for Finding Values that Work

When factoring a trinomial in the form X2 + bx + ¢, consider the following tips.

Look at the ¢ term first.
o Ifthe ¢ term is a positive number, then the factors of ¢ will both be positive
or both be negative. In other words, r and s will have the same sign.
o {f the ¢ term is a negative number, then one factor of ¢ will be positive, and
one factor of ¢ will be negative. Either r or s will be negative, but not both.

L.ook at the b term second.

o [f the ¢ term is positive and the b term is positive, then both rand s are
positive.

o If the ¢ term is positive and the b term is negative, then both rand s are
negative.

o If the ¢ term is negative and the b term is positive, then the factor that is
positive will have the greater absolute value. That is, if || > |s], then ris
positive and s is negative.

o Ifthe ¢ term is negative and the b term is negative, then the factor that is
negative will have the grealer absolute value. That is, if |r] > |s|, then ris
negative and s is positive.

After you have factored a number of trinomials in the form X2 + bx + ¢, you may notice
that the numbers you identify for  and s end up being included in the factored form of
the trinomial. Have a look at the following chart, which reviews the three problems you
have seen so far.

f I i ]

hitps:/iwww.montereyinsiitute.org/courses/Developmental Math/COURSE_TEXT2_RESCOURCEM12_L2_T1_text_final.htmi#:~text=To factor a rinomi...  4/9



11182020

hitps:/iwww.montereyinstitute.org/courses/DavelopmentalMath/COURSE_TEXT2_RESOURCE/U1 2_L2_T1_text_final.htmi#:~text=To factor a trinomi..,

Factoring Trinomials

Trinomial X2 & Tx+10 X2 +5x+86 X2+ x-12
r and s values r=+5gs=+2 r=+2 8=+3 r=+4,58=-3
Factored form (x +5){x+2) (x+ 2)}{x+ 3) (x+4)(x—3)

Notice that in each of these examples, the rand s values are repeated in the factored
form of the trinomial.

So what does this mean? It means that in trinomials of the form x% + bx + ¢ {(where the

coefficient in front of x? is 1), if you can identify the correct r and s values, you can
effectively skip the grouping steps and go right to the factored form. You may want to
stick with the grouping method until you are comfortable factoring, but this is a neat
shorteut to know about!

Jess is trying to use the grouping method to factor the trinomial V2 — 10v + 21. How
should she rewrite the central b term, ~10v?

A)+7v + 3v
B) ~7v-3v
Cy-7v+3v
D) +7v - 3v

Show/Hide Answer

Identifying Common Factors

Not all trinomials look like x2 + 5x + 6, where the coefficient in front of the X2 term is 1.
in these cases, your first step should be to look for common factors for the three
terms.

Factor out Common
Factor

2(x% + 5x + 8)

Trinomial Factored

2x% + 10x + 12 2(x + 2)(x + 3)

-582 - 15a - 10 ~5(a2 + 3a + 2) -5(a+2}a+ 1)
3~ 8c2 + 15¢ o{c? — 8¢ + 15) elc ~ 5)(c — 3)
vyt —9y® — 102 y2(y* ~ 9y — 10) y2(y — 10)(y + 1)

Notice that once you have identified and pulied out the common factor, you can factor
the remaining trinomial as usual. This process is shown below.

Example

5/8
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Factoring Trinomials

Problem
Factor 3x° — 3x% - 90x.
Since 3 is a common factor for the
2
30 = x* = 30X) three terms, factor out the 3.
i fact ¢ factor
3x(2 — x — 30) );;LI;? ;':tso a common factor, s
Now you can factor the trinomial
x2 — x—30. To find rand s, identify
two numbers whose product is ~30
and whose sum is —1.
3x(x* — 6x + 5x — 30) The pair of factors is —6 and 5. So
replace —x with —6x + 5x.
Use grouping to consider the terms in
303~ 6%) + (5x~30)] parer T
Factor x out of the first group and
3x[(x(x — 6) + 5{(x — 6)] factor 5 out of the second group.
3x(x—6)x +5) Then factor out x — 6.
Answer 3x(x - 6)}{x +5)

Factoring Trinomials: ax? + bx + ¢

The general form of trinomials with a leading coefficient of a is ax? + bx + c.
Sometimes the factor of a can be factored as you saw above; this happens when a
can be factored out of all three terms. The remaining trinomial that still needs factoring

will then be simpler, with the leading term only being an x? term, instead of an ax?
term.

However, if the coefficients of all three terms of a trinomial don't have a common
factor, then you will need to factor the frinomial with a coefficient of something other
than 1.

Factoring Trinomials in the form ax?+bx+c

To factor a trinomial in the form ax2 + bx + ¢, find two integers, rand s, whose sum

is b and whose product is ac. Rewrite the trinomial as ax? + rx + sx + ¢ and then
use grouping and the distributive property to factor the polynomial.

This is almost the same as factoring trinomials in the form X2 + bx + c, as in this form
a = 1. Now you are tooking for two factors whose product is a - ¢, and whose sum is b.

Let's see how this strategy works by factoring 6z% + 11z + 4.

hitps://www.montereyinstitute.arg/courses/DevelopmentalMath/COURSE_TEXTZ2 RESOURCE/U12_L2_T1_text final.himl#:~:text=To factor a trinemi...  6/9



11/9/2020 factoring Trinomials

In this trinomial, a = 6, b = 11, and ¢ = 4. According fo the strategy, you need to find
two factors, rand s, whose sum is b (11) and whose product is ac {or 6 « 4 = 24}. You
can make a chart to organize the possible factor combinations. (Notice that this chart
only has positive numbers. Since ac is positive and b is positive, you can be certain
that the two factors you're loaking for are also positive numbers.)

Factors whose Sum of the factors
product is 24
1+24=24 1+24=25
2.12=24 2+12=14
3:8=24 3+8=11
4+6=24 4+6=10

There is only one combination where the product is 24 and the sumis 11, and that is
when r = 3, and s = 8. Lef's use these values to factor the original trinomial.

Example

Hem
Factor 622 + 11z + 4.

572 + 37 + 8z + 4 Rewrite the middle term, 11z, as 3z + 8z (from
the chart above.)

(622 + 3z) + 8z + 4) Group pairs. Use grouping to consider the
terms in pairs.

ver

3222 + 1) + 42z + 1) Factor 3z out of the first group and 4 out of the

(2z + 1){(3z + 4)

(2z + 1)(3z + 4)

second group.

Factor out (2z + 1).

Before going any further, it is worth mentioning that not all trinomials can be factored

using integer pairs. Take the trinomial 27% + 35z + 7, for instance. Can you think of two
integers whose sum is b (35) and whose product is ac (2 ¢ 7 = 14)? There are none!
This type of trinomial, which cannot be factored using integers, is called a prime
trinomial.

Factor 3x° + X — 2.
A) (3x + 2)(x — 1)
B) (3x — 2)(x + 1)
C) (3x + 1)(x — 2)

https:/Awww.montereyinstitute. org/courses/DevelopmentalMath/COURSE_TEXT2_RESOURCE/U1Z 12 T1_fext_final.htmli#:~:text=To factor a trinomi... 7/9
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D) (3x — 1)(x + 2)

Show/Hide Answer
A) (3x + 2)(x—1)
Incorrect. The product of (3x + 2){(x — 1) is 3x2 — x — 2; look for two numbers whose

product is -6 and whose sum is +1. Then use those numbers to factor by grouping.
The correct answer is (3x — 2)(x + 1).

B) (3x—2}x+ 1)
Correct. The product of (3x —2}(x + 1) is 3x% + x— 2.

C) (Bx + 1){x—2)
tncorrect. The product of (3x + 1)(x— 2) is 3x2 — 5x — 2: look for two numbers whose

product is -6 and whose sum is +1. Then use those numbers to factor by grouping.
The correct answer is (3x — 2){x + 1).

D) (3x — 1)}{x + 2)
Incorrect. The product of (3x— 1)(x + 2} is 3x2 + 5x — 2; look for two numbers

whose product is-6 and whose sum is +1. Then use those numbers to factor by
grouping. The correct answer is (3x — 2)(x + 1).

Negative Terms

In some situations, a is negative, as in -4h? + 11h + 3. It often makes sense to factor

out ~1 as the first step in factoring, as doing so will change the sign of ax? from
negative to positive, making the remaining trinomial easier to factor.

Exampile

em

Factor ~4h% + 11h + 3

Factor =1 out of the trinomial. Notice that

- 2
1(4h" - 1171 =3) the signs of all three terms have changed.

To factor the trinomial, you need to figure
out how to rewrite —11h. The product of rs
=4+ -3 =~-12, and the sum of

rs=-11.

res=-12 r+s=-11
-1(4h? - 12n+1h-3) | ~12+1=-12 -12+1=-11

—6+2=-12 6+2=-4

—4+3=-12 ~4+3=-1

Rewrite the middle term -11h as —12h +
1h.

Group terms.

8/9
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-1{(4h% — 12h) + (1h = 3)]

Factor out 4h from the first pair. The
second group cannot be factored further,

=1[4h(h — 3) + 1(h~ 3)] but you can write it as +1(h ~ 3) since
+1(h — 3) = (h — 3). This helps with
factoring in the next step.

Factor out a common factor of (h - 3).
_ _ Notice you are left with (h — 3)(4h + 1); the
H(h=3)ah + 1)) +1 comes from the term +1{h — 3) in the
previous step,

ver -1{h-3)}4h+ 1)

Note that the answer above can also be written as (-h + 3)(4h + 1) or (h— 3} ~4h— 1)
if you multiply -1 times one of the other faciors.

Summary

Trinomials in the form x2 + bx + ¢ can be factored by finding two integers, rand s,

whose sum is b and whose product is ¢. Rewrite the trinomial as X%+ X + sx + ¢ and
then use grouping and the distributive property to factor the polynomial.

When a trinomial is in the form of ax? + bx + ¢, where a is a coefficient other than 1,
look first for common factors for all three terms. Factor out the common factor first,
then factor the remaining simpler trinomial. If the remaining trinomial is still of the form

axz + bx + ¢, find two inteqers, r and s, whose sum is b and whose product is ac. Then

rewrite the trinomial as ax? + rx + sx + ¢ and use grouping and the distributive property
to factor the polynomial.

When ax? is negative, you can factor —1 out of the whole trinomial before continuing.

https:/iwww.montereyinstitute.org/courses/DevelopmentalMath/COURSE_YEXT2_RESOURCE/U12_L2_T1_text_final.himl#:~1text=To factor a trinomi... /9






11/8/2020

Factoring Trinomiais When the Leading Coefficientis not 1

Here are the steps required for factoring a trinomial when the leading coefficient is not 1:

Step 1.

Step 2 :

Step 3:

Step 4.

Step 5:

Step 6 :

Step 7 :

Make sure that the trinomial is written in the correct order; the trinomial must be writlen in
PDOWCET.

descending order from highest Qoweolow

Decide if the three terms have anything in common, called the greatest common factor or GCF.
If s, factor out the GCF. Do not forget to include the GCF as part of your final answer.

Multiply the leading coefficient and the constant, that is multiply the first and last numbers
together.

List all of the factors from Step 3 and decide which combination of numbers will combine to
get the number next to x.

After choosing the correct pair of numbers, you must give each number a sign so that when
they are combined they will equal the number next to x and also mulfiply to equai the number
fO.u.n_.d lnStep?J

chosgn in step 5.

G

Now that the problem is written with four terms, you can factor by grouping.

https:/fwww.mesacc.edu/~scotz47781/mat120/motesffactoring/trinomials/a_is_not_1/trincmials_a_is_nat_1.himl
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Example 1 — Factor: gx% +x -2

Factoring Trinomials When the Leading Coefficient is not 1

Step 1. Make sure that the trinomial 1s written in
the correct order; the trinomial must be written in
descending order from highest power to lowest
power. In this case, the problem is in the correct
order.

bzt +x -2

Step 2: Decide if the three terms have anything m
common, called the greatest common factor or
GCF. If so, factor out the GCF. Do not forget to
include the GCF as part of your final answer. In
this case, the three terms only have a | in
common which is of no help.

bx* +g -2

Step 3: Multiply the leading coefficient and the
constant, that is multiply the first and last
numbers together. In this case, you should
multiply 6 and 2.

bzt +x—2

Step 4: List all of the factors from Step 3 and
decide which combination of numbers will
combine to get the number next to x. In this case,
the numbers 3 and 4 can combine to equal 1.

Step 5: After choosing the correct pair of
numbers, you must give each number a sign so
that when they are combined they will equal the
number next to x and also multiply to equal the
number found in Step 3. In this case, -3 and +4
combine to equal +1 and —3 times +4 15 —-12.

~3+4=+1
and

(- (+4) = —12

Step 6: Rewrite the original problem with four
terms by splitting the middle term into the two
numbers chosen in step 5.

b — I+ du -2

Step 7: Now that the problem is written with four
terms, you can factor by grouping.

22 -1+ 2(2x 13
2z -3z +2)

hitps:/iwww.mesace.edu/~scotz47781/mat120/motes/factoring/trinomials/a_is_not_1/trinomials_a_is_pot_*.html
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Example 2 — Factor: 12%x% — 29z +15

Factoring Trinomials When the [.eading Coefficient is not 1

I

Step 1: Make sure that the trinomial is written in
the correct order; the trinomial must be written in
descending order from highest power to lowest
power. In this case, the problem is in the correct
order.

12x% — 292 +15

Step 2: Decide if the three terms have anything in
common, called the greatest common factor or
GCF. If so, factor out the GCF. Do not forget to
include the GCF as part of your final answer. In
this case, the three terms only have a 1 in
common which is of no help.

1222 = 29% +15

Step 3: Multiply the leading coefficient and the — 282 +15
constant, that is multiply the first and last
numbers together. In this case, you should
multiply 12 and 5. 180
180
1 180
. 2 S0
Step 4: List all of the factors from Step 3 and
. : o . 3 60
decide which combination of numbers will
. . 4 45
combine to get the number next fo x. In this case, 5 26
the numbers 9 and 20 can combine to equal 29. 5 20
G 20
10 18
12 15
Step 5. After choosing the correct pair of
numbers, you must give each number a sign so —8-20=~29
that when they are combined they will equal the and

number next to x and also multiply to equal the
number found in Step 3. In this case, -9 and 20
combine to equal ~29 and -9 times —20 is 180.

(—9)(—2() =180

Step 6: Rewrite the original problem with four
terms by splitting the middle term into the two
numbers chosen in step 5.

12%% — 9% ~ 20 +15

Step 7: Now that the problem is written with four
terms, you can factor by grouping.

Sx(dx — 3 —5(dxw - 3)
(4 -3z - 5)

Click Here for Practice Problems

hitps:/iwww.mesacc.edu/~scotz47781/mat1 20/notesifactoring/trinomials/a_is_not_1/trinomials_a_is_not_1.html
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Example 3 — Factor: gz —16— 4z

Step 1: Make sure that the trinomial is written in
the correct order; the trinomial must be written in
descending order from highest power to lowest 6z —4x — 16
power. In this case, the problem needs to be
rewritten as;

Step 2: Decide if the three terms have anything in
common, called the greatest common factor or
GCF. If so, factor out the GCF. Do not forget to
inctude the GCF as part of your final answer. In
this case, the three terms have a 2 in common,
which [eaves:

203z - 2x — 8)

Step 3: Multiply the leading coefficient and the 3x% — 2z —8
constant, that is multiply the first and last
numbers together. In this case, you should

4

multiply 3 and 8. 2o

Step 4: List all of the factors from Step 3 and ,/ \
decide which combination of numbers will 1
combine to get the number next to x. In this case, 2
the numbers 4 and 6 can combine to equal 2. 3

4

Step 5: After choosing the correct pair of
numbers, you must give each number a sign so +4-—6=-2
that when they are combined they will equal the
number next to x and also multiply to equal the
number found in Step 3. In this case, +4 and —6 (+4)(-6)=-24
combine to equal -2 and +4 times —6 is —24.

and

Step 6: Rewrite the original problem with four
terms by splitting the middle term into the two 2(3x? +4x — 6x — 8)
numbers chosen in step 5. Do not forget to

include 2 (the GCF) as part of your answer.

Step 7: Now that the problem is written with four

terms, you can factor by grouping. Do not forget 203z +4) - 203z + 40
to melude 2 (the GCF) as part of your final 203z +di(x - 2)
answer.

Click Here for Practice Problems
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Example 4 — Factor: 36x% +32z% 4+ 6x

| (Step 1: Make sure that the trinomial is written in
the correct order; the trinomial must be written in
descending order from highest power to lowest 36%° + 3327 + 61
power. In this case, the problem is in the correct
order.

Step 2: Decide 1if the three terms have anything in
common, called the greatest common factor or
GCF. If so, factor out the GCF. Do not forget to
include the GCF as part of your final answer. In
this case, the three terms have a 3x in common,
which leaves:

Ix(1222 +11x +2)

Step 3: Multiply the leading coefficient and the 122° +11x +2
constant, that is multiply the first and last
numbers together. In this case, you should
multiply 12 and 2. 94
24

Step 4: List all of the factors from Step 3 and VAN
decide which combination of numbers will 1 24
combine to get the number next to x. In this case, 2 12
the numbers 3 and 8 can combine to equal 11. 3 ]

4 6

Step 5: After choosing the correct pair of
numbers, you must give each number a sign so +242=+11
that when they are combined they will equal the
number next to x and also multiply to equal the
number found in Step 3. In this case, +3 and +8 (43)(+8) = 24
combine to equal +11 and +3 times +8 1s 24.

and

Step 6: Rewrite the original problem with four
terms by splitting the middle term into the two 3(12x 2 + 3% +8x +2)
numbers chosen in step 5. Do not forget to

include 3x (the GCF) as part of your answer.

Step 7: Now that the problem is written with four

terms, you can factor by grouping. Do not forget 3u(3x(4x +1)+2(dx +1))
to include 2 (the GCF) as part of your final 3udx + 103 +2)
answer.

Click Here for Practice Problems

Note: In each example above you could not use the shortcut because the leading coefficient was not a 1.
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